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Inroduction.-Ref. [1] proposes a way to generate continuous-variable cluster states (CVCSs) through relativistic motion of an optical cavity. The proposal is to rapidly accelerate and decelerate the cavity multiple times, thus generating sizable two-mode squeezing (TMS) interactions between particular cavity modes. (Alternatively, one can rapidly modulate the boundary conditions of a fixed cavity to achieve the same effect.) This is a fascinating suggestion since the usual way to generate TMS interactions is with nondegenerate parametric downconversion using a nonlinear optical crystal-in this proposal, the crystal has been entirely replaced with just relativistic motion. Unfortunately, we show in the following that the method prescribed in Ref. [1] does not in general produce a CVCS with the claimed structure. We illustrate the desired CVCSs and compare them to the states that would actually be produced by the method, and we show that the latter are in general not known to be useful for measurement-based quantum computation.
The canonical method to generate CVCSs [2] is to begin with a collection of highly momentum-squeezed vacuum states (ideally, zero-momentum eigenstates, but these are unphysical) and perform a controlled-Z interaction between neighbouring modes in accord with the desired graph. The family of CVCSs with square-lattice graphs is a universal family of resource states for measurement-based quantum computation using continuous-variable systems [3] .
A controlled-Z interaction between modes is difficult to implement optically [4] , and as such, more practical methods have been developed to generate CVCSs based on TMS interactions between frequency modes [5] [6] [7] [8] [9] or temporal modes [10] . The states generated by these methods are equivalent to CVCSs only after appropriate phase shifts have been performed on selected modes [5, 11] . These multimode-squeezed states (before the phase shifts) are known in the literature as H-graph states (for 'Hamiltonian graph') [11] because they are defined in terms of a graph representing a multimodesqueezing Hamiltonian, which, acting on the vacuum, would produce the desired state in the limit of large squeezing [5, 11] . (The state need not actually be made using this H-graph Hamiltonian to be considered an Hgraph state.) Such a state has correlations only between like quadratures (q-q and p-p), while CVCSs require qp correlations, which arise after appropriate phase shifts are applied.
Intuitively, one might expect that, since the TMS interactions can be described in graph form (via the Hgraph) and since CVCSs have a graph representation as well, there must be a simple relationship between the two graphs. This is not the case in general [5] . The two graphs are related by the matrix exponential map and additional complicated transformations corresponding to the required phase shifts [11] , meaning that in general the two graphs bear no resemblance to each other at all [5] . A simple relationship is only possible under special conditions. One such condition is when the H-graph representing the state is both bipartite and self-inverse (in terms of its adjacency matrix) [8, 11] . Very few ordinary graphs (that are sufficiently large) have this property [8] .
Ref. [1] uses graphs (and graph-like arrow diagrams) to depict the prescribed pattern of TMS interactions but incorrectly claims that they double as the graphs for the resulting CVCSs in general. For example, Fig. 2 of [1] supposedly depicts "The CVCS generated by the travel scenario described in the text," and Fig. 3 of that work has a caption that begins, "Square cluster state. . . ." These are incorrect. They are not (a priori) graphs representing the CVCSs that are generated by the procedures described in the text. Instead, the text indicates that they are simply illustrations of prescribed TMS interactions, acting sequentially and starting with the vacuum, that are implemented by the proposed travel scenarios. Such a sequence of TMS interactions produces an H-graph state, but it still needs to be phase shifted appropriately to transform it into a CVCS of any sort [11] , and doing so fails, in general, to generate a CVCS with the same structure [5] . The authors do not take this into account in their proposal and instead simply cite Ref. [7] while claiming, "In this work we will exploit particle creation resonances, since the squeezing gates which can be produced by them are useful resource [sic] for the generation of cluster states." No mention is made of the required phase shifts, nor is any attempt made to prove that the resulting CVCS has the same graph as that depicting the TMS interactions.
Furthermore, while the states that result from the TMS interactions are properly called H-graph states (due
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to same-quadrature correlations), the graphs in Ref. [1] are not actually the H-graphs for the states because they represent a sequence of noncommuting TMS unitary interactions instead of a sum of TMS Hamiltonians [11] . In fact, the graphs used in Ref. [1] do not correspond to any of the graphs commonly used in the literature (H-graphs or CVCS graphs or Gaussian pure-state graphs [11] ). It is therefore insufficient simply to cite the literature [6, 7, 12] as justification for the proposal.
Analysis.-Fortunately, we don't have to rely on the existing literature. We can instead simply follow the procedure as proposed in Ref. [1] and calculate what state results from it. This is most easily accomplished using the graphical calculus for Gaussian pure states, which provides a visual and mathematically precise description for these states [11] .
Ref. [1] suggests that in order to generate the "ladder" state described in Fig. 2 of their paper, a series of TMS interactions are performed on p − 1 modes by a three-stage travel scenario acting on a collection of vacuum states, where p is prime. We model this procedure by starting with the vacuum, applying three sets of TMS interactions, and calculating the graph corresponding to the resulting Gaussian state. The first interaction is between all modes satisfying the condition k + k = p, the second is between modes satisfying k + k = p − 2, and the third is between modes satisfying k + k = p + 2. The manner in which these gates are applied is shown in Fig. 1(a) . The authors claim that this results in a CVCS with the same structure as the "ladder" graph used to specify the TMS interactions- Fig. (2) in Ref. [1] .
Choosing p = 17, we try to generate a 16-mode ladder cluster by applying TMS operations in the manner prescribed. Since the output state is not a CVCS (just an H-graph state, as discussed above), we follow the procedure outlined in Section IV of Ref. [11] , which finds the closest CVCS to a given H-graph state (i.e., the CVCS with the least approximation error [11] ) by considering appropriate phase shifts. This process produces a Gaussian pure state, and every Gaussian pure state has a corresponding graph Z, which uniquely identifies it (up to phase-space displacements and overall phase) [11] .
An ideal CVCS has a purely real Z corresponding to a useful graph (i.e., one that is connected but still local, e.g., a square lattice), but these states are unphysical [11] . As such, a good approximation to a useful CVCS is a state whose graph Z satisfies two conditions [11] : (1) Z has a real part corresponding to a useful graph (e.g., a lattice of some sort), and (2) Z has a very small imaginary part. Fig. 2(a) shows the target CVCS: the authors claim that a good approximation to this state will be produced by applying TMS interactions as in Fig. 1(a) . Figs. 2(b) and (c) show the closest CVCS to the actual state produced by this procedure for both low and high squeezing, respectively. Simple visual inspection of these states shows that the target state is not achieved by this method. But let's look more closely at the actual states produced.
Although not really a CVCS at all because it violates condition (2), we include a low-squeezing example because Re(Z) in (b) looks approximately like the target state (a), and we find this interesting. However, the state in this case is completely dominated by Im(Z), which is close to that for a collection of vacuum modes (unsurprising since the squeezing is weak). These states are useless for measurement-based quantum computation because noise will drown out any calculation [13] . The highsqueezing limit is, in fact, the only relevant limit if one wants to do measurement-based quantum computation using CVCSs since it is the limit in which H-graph states correspond to CVCSs with high fidelity and since it is the limit in which computations performed using the CVCS may be fault tolerant [14] . The closest CVCS for high squeezing is shown in (c) and is approximately a collection of disconnected two-mode pairs (thick lines). Due to its lack of connectivity, this state violates condition (1) and is therefore not known to be useful for measurementbased quantum computation. ( We leave open the possibility that a suboptimal choice of phase shifts may nevertheless produce a useful state with a larger-but still small-approximation error [11] .) Thus, the proposed construction of ladder-graph CVCSs fails in general.
In Section III F of Ref. [1] , the authors propose extending the ladder graph to a 2D square-lattice structure. This involves repeating the above steps and then implementing further TMS interactions through extra travel scenarios (corresponding to odd numbers p , p , p − p + p − 2 and 3p − p − p + 2). To determine the resulting state, we apply TMS operations to 16 modes (all starting in the vacuum) in accord with the travel scenarios illustrated in Fig. 1(b) . This results in an Hgraph state, which we convert into the nearest CVCS by the procedure described in Ref. [11] . Fig. 3(a) shows the target square-lattice CVCS. Figs. 3(b) and (c) show the closest CVCS to the actual state for both low and high squeezing, respectively. The results are similar to those for the ladder: while low squeezing reveals approximately the desired structure, these are useless due to noise (large imaginary part), and the closest CVCS in the high-squeezing limit is just a collection of disconnected two-mode CVCSs, which is not known to be useful due to its disconnected nature. (Once again, we leave open the possibility that suboptimal phase shifts may produce a useful state with suboptimal approximation error [11] .)
Conclusion.-we have shown that performing the sequence of TMS operations as described in Ref. [1] does not in general result in the CVCSs that are claimed. The actual states created are in general not known to be useful for measurement-based quantum computation because the closest CVCS in many cases has a disconnected graph in the high-squeezing limit. We can think of several possible ways to modify the proposal to produce computationally useful states. First, we note that the authors of Ref. [1] point out that one can in principle perform arbitrary Bogoliubov transformations using a combination of relativistic motion and natural time evolution of the modes. One possibility would therefore be to more closely mimic existing frequencymode construction methods [7] [8] [9] that use H-graphs of a special form. These provide a simple relationship between the resulting state and closest CVCS.
Second, one might search for ways to use the existing construction with a different prescription for phase shifts, resulting in a CVCS with a larger (but still small) approximation error [11] but which nevertheless has desirable connectivity in the high-squeezing limit.
Finally, one might instead expand the definition of measurement-based quantum computation to allow more general measurements (such as two-mode joint measurements). This may be worth exploring if such measurements are more natural in the physical systems considered. In this case, however, the travel scenarios as proposed would almost certainly be unnecessarily complicated since a single travel scenario would, for instance, produce a cleaner copy of a state like Fig. 2(c) than the three scenarios together as proposed. Fig. 1(a) , illustrated using the graphical calculus for Gaussian pure states [11] . The thickness of the graph edges represents the magnitude of the weight of that edge; (red, blue, purple, green) ∝ (+1, −1, +i, −i). (a) The graph Z for the target continuous-variable cluster state (CVCS) (with uniform weight 1) claimed in Ref. [1] to result approximately from this procedure. (b) The closest CVCS [11] to the actual state produced for low squeezing-i.e., squeezing parameter r = 0.15 (1.3 dB) for each TMS interaction. The real part is a ladder with uniform weight ≈ 0.27 plus additional edges ∼ 10 −2 . The imaginary part dominates the state, with self loops of weight ≈ 0.92i and additional edges ∼ 10 −1 . Although Re Z approximates that of (a) up to an overall constant, since Im Z ∼ I, this is not an approximate CVCS [11] ; high squeezing is needed [5] . (c) The closest CVCS for high squeezing, r = 4.15 (36 dB) for each TMS interaction. Since the eigenvalues of Im Z are all 10 −6 , the state is an approximate CVCS, but the ideal CVCS it approximates is not the target CVCS in (a); instead, it approximates 8 disconnected two-mode CVCSs. (The thick edges have weights ≈ ±1, with additional edges ∼ 10 −2 .) Its disconnected nature means that this state is not known to be useful for measurement-based quantum computation. The possibility remains that a different choice of phase shifts would result in a useful state but with higher approximation error [11] . Fig. 1(b) . Same notes on graph representation and squeezing parameters as in Fig. 2 .
(a) The graph Z for the target CVCS (with uniform weight 1) claimed in Ref. [1] to result approximately from this procedure (arbitrary node numbering). (b) The closest CVCS [11] to the actual state produced for low squeezing. The real part is a square lattice with uniform weight ≈ 0.26 plus additional edges ∼ 10 −2 . The imaginary part dominates, with self loops of weight ≈ 0.92i and additional edges ∼ 10 −1 . Although Re Z approximates that of (a) up to an overall constant, since Im Z ∼ I, this is not an approximate CVCS [11] ; high squeezing is needed [5] . (c) The closest CVCS for high squeezing. Since the eigenvalues of Im Z are all 10 −3 , the state is an approximate CVCS, but the ideal CVCS it approximates is not the target CVCS in (a); instead, it approximates 8 disconnected two-mode CVCSs. (The thick edges have weights ≈ ±1, with additional edges ∼ 10 −2 .) Its disconnected nature means that this state is not known to be useful for measurement-based quantum computation. The possibility remains that a different choice of phase shifts would result in a useful state but with higher approximation error [11] .
